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- Miscellaneous Exercise
Chapter 7 — Integrals

- __ )

by NP PN YA PR
resulics. o 4 C7joovsC tvyiceorreece U//L/U’/.

= -I. I - dx
Write ——— =—/+ ,XZ.
X(T=x"7 X 7=X
L_{)_Tu I
— L. = =— /O +C
z e
-_m ! A
- S e v &
Rationalise by multiplyimg with N x+a — x+b (denominator becomes a=b).
- -
- _ 2 e e
Sol. m [ (X+0) (X+b) ]1+cC
L | - .
3. [ ———— dx
I xv ax—x*
Y 7 i* (grven); reduces to a &= -type integral,
Sob—= -2 4 +C
- - a X
!

S
R Y ) EY

Take X’ out of the root; put t =/ + x°.

= 5ol = —( X'+ I,

- N
- !
S [ —5——5 dx
I X2 + xB
. . 6
| Put x = t° (given);: integral becomes ( at.
- = 7+/
Sol. = 2vx = 3x"* + éx* =6 log(x"*+1) + ¢
-
—il -
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Sx J
R M rry Y vy B
Partial Fractions. e + Qf2)x + 42 -
x+/ X+9
! / E 3 X
Sol. = -—7109/ x+l | + Tlog(x +9) + 5 tan”— + C

sin-x
2. [ — dx
sin(x—a)

Put x—a = t: then sin x = sin(t+a) = sin t cos a + cos t siv a.

Sol. =xcosa+ sina- Iog/ sin(x=a) | + C

e log x _ e log x

3. [ dx

e log x _ e log x

log x — K. — =
Use &9 = ¥, —~— 2.
Sot X e
. T
° 3
Ccos X

4

) Va—sinx

Put t = sin x (dt = cos xadx): N a’—t° Form.
sinx )+ ¢

o
Sol. = sin!( Z

. 2 2
sin®x = cos®x
10. [ — 5 dx
| — 2 sin°x cos°x

Factor: simPx—cosx = —cos 2x-(1-2si’x cosx).

Sol. = [(=cos 2x) dx = -—% sin 2x + C

)
. f cos(x+a) cos(x+b)
Use-sinllx+a)=Cc+b)]-=sinla=b)-to-splitinto-tangents.
~ | cos(x+b)
o sinCa—b) fogt cos(x+a) ¢

dx

12. dx

ViI-x%
Put t =X (@t = GCa); N I-2 Form.

Sol. = % sin'(x?) + ¢
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X

e
13. d.
I tredaeer ™
. . / /
Put -t =€ partial fractions T
Sol. = log/ Z—ex | +¢C
e
a. [ , dx
" GEH) (A +4)

‘ A, /
Partial Hactions. 5 V4 -z Z0 VA

_ | - ! o X
Sol.—= ?tan X Ttan = +C

IS. [ cos®x - /s <" dx
& =gy X7 put t = cos X,

!
Sol. = [ cos® sin xdx = e cosx + €

16. T &9 *(x*+1)™" dx

&% = % so integrand = 7
Sol. = % log(x*+1) + ¢

17. [ £(ax+b) [Flax+b)]" dx
Put u = Flax+b), so du = a-F (ax+b)dx.

_ [flax+b) 71"
Sol. = —— + C
132 ! d
- Vsin’x sin(x+a) X

Miscellaneous Exercise

sinCx+a) = sin x cos a + cos x sin a; factor sin x and put t = cos a + Sin a Cot X.

Sol. == ‘2 v . . +C
sin a sin x
19—f \/,— m dx

Put \x = cos O, the radical simplifies to tan i

2
Sol. = cosVx — 2VI-x + Vx(1-x) + C
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2 +sin 2x
20 T+ cos 2x G
Simplity % = tan x + sec’x; then &(Ff + £] with £ = tan x.

Sol. =€ tan x +C

2. 5

+x +1

Sol. =

22, [ tan™V

Pyt x =

Sol. =

23]

R Py Ty

Partial fractions (repeated factor):

V2 [ log(+1) — 2 log x 1

X

=2 " / " 32
x+/ G+l )P x+2

-2/og/x+l/-—%+3loglx+2/+c

dx

1+x

S0 _the expression =

0
cos O, the argument becomes tan -

%(x cosx =vVI=x* )+ ¢

dx

el G2

x‘l

/
put t =/ + =—.

L X ’ L

Sol. =

_! Y oy 2
?(I+ = ) [log(l+x2 ) ?]+C

24, " e( L8 ) dx

l—cos x

&lf + ] with £ = —cot i.

Sol. =

2
X
[ —e* cot — 1" = e
Sin x cos x

28. J-on/‘l

cos’x + sin’x

Divide by cos’x; put t = tar’x.

Sol. =

26,2

! 1 p1n2 e - T
T[tan (tan’x) 7 = <

cos®x

dx

Reayces

Sol. =

cos’x + 4 sin’x

(via t = tan x) to a standard tan™ evaluation.

LY
3
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TSN
\i

s Sin X +cosx

27 L Vsin 2x
sin 2x =/ — (sin x — cos X)°; put t = sin x — cos x.
Sol. = [ sin”(sin x — cos x) 1, = 2 sin™ ‘/32-,
28, [} —— —
20 V)ex = Vx
Rationalise the denominator (it becomes L: = 1+x +~x) dk.
4v/2
Sol. = T
i i Sin X + cos x
29- 10" 4576 sin 2x
Put t = sin x — cos x; then 16 sin 2x = 16—16F°, so denom = 25 — /6L
! S+at !
Sol. =/ 70 log/ 7 | 1= ST log 3

30. [,"? sin 2x-tan”'Csin x) dx
Put u = sin x; = 2 Ju tan”udu (by parts).
1!

Sol. :T—’

311 O Ix=t+Ix=21 + |x=3] 7 dx

Integrate each modulus over its sign-pleces and adld.

9 S S 19
e s s N B
dx 2 2
32, Prove: [} e -3t log —-
Partial Factions. W/ﬂ) = ——; + % + %
x+/ ! E 2 2
Sol. = [ log — = Iog? = (proved)

33, Prove: [, x € dx =1

By parts: [x &dx = (x—1)e"

Sol. = [ (x-De 1) =0- (1) =1 (proved)
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34. Prove: [_ x"cos’x dx =0

X’cos’x is odd (odd x even) over a symmetric interval,

Sol. =0 (proved)

3

|

si’x = sin x(1—cos’x);: antiderivative —cos x +

3
Sol. = [ —C0S X + Cogi ]01'[/2 =0 - (——i) = 2 (proved)

36. Prove: [, 2 taw’x dx =1 = log 2

Zar’x = tan x(secx=1); antiderivative tan’x + 2 logjcos x].

Sol. = [ tan’x + 2 log|cos x| 1,/% =1 — log 2 (proved)

37. Prove: [, sin”'x dx = Sl

2

By parts (1 as second Function): [sin”'x dx = x sin”'x + /=¥,

LI (proved)

Sol. = [xsinx +VI=x* 1], = -

dx
33, [ —— i It
) pra— is equal to

Maltjply by €= [%, put t="¢"

Sol. = tan'(e¥) + C

cos 2x

39. [ Coin x + <05 x)° dx is equal to

cos 2x = (cos x — sin x)(cos x + sin x): cancel one factor.

Sol. = log| sin x + cos x | + C
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ﬁ«st«%
\ n—@

40. If fla+b-x) = £(x), then [} x £(x) dx is equal to

Apply property P, to | and add: 2/ = (a+b)[ FFlc)dk.

a+b

I F(x) dx

‘o Option (D)

-
1
1
1
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